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ABSTRACT. The purpose of this paper is to prove the existence of a
versal germ of deformations for elliptic pseudogroup structures on compact mani-
folds. Under suitable restrictions, the versal germ is shown to be universal.

Introduction. Kodaira and Spencer initiated the theory of deformations of
compact complex manifolds in 1958 [7], [8]. The existence problem was solved
soon after by Kodaira, Nirenberg and Spencer [8], [9], under the assumption
that the cohomology group H2(M, ) = 0, where § = sheaf of germs of infini-
tesimal automorphisms of the complex structure i.e., § = sheaf of germs of holo-
morphic vector fields on M. The parameter space for deformations, in the Kodaira
Spencer theory, is an open neighborhood of zero in H(M, 6).

In 1962, Kuranishi succeeded in removing the restriction H2(M, 0) = 0, but
only at the cost of admitting an analytic variety in H'(M, 0) as parameter space.
That is, Kuranishi proved the existence of a versal (complete) germ of deforma-
tions of an arbitrary compact complex manifold. He presented a new and simpli-
fied proof for this theorem at the Minnesota Conference in 1964 [12]. A de-

tailed version of the new proof with some improvements has appeared in [13].
' In the meantime, Spencer in his fundamental papers [20], [21] laid the
foundations for a general theory of deformations. The existence theorem (for el-
liptic transitive pseudogroups) generalizing the Newlander-Nirenberg theorem for
complex structures has recently been proved by Malgrange[15].

The aim of this paper is to show that Kuranishi’s method of proof can
easily be generalized in the context of Spencer’s machinery to give an existence
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theorem for versal germs for elliptic pseudogroup structures on compact mani-
folds. In this, Malgrange’s theorem plays a crucial role. Roughly speaking, the
main theorem is: Let M be an m-dimensional compact C* manifold without
boundary. Let T(R™) be an elliptic transitive pseudogroup on R™, and let M,
be a T'(R™) structure on M. Then, there exists a versal germ of deformations of M.
The parameter space for the versal germ of deformations is an analytic variety in
H'(M, Inf) where Inf is the sheaf of germs of infinitesimal automorphisms of the
['(R™) structure M,,. If H*(M, Inf) = 0, then the parameter space is an open
neighborhood of 0 in H'(M, Inf) and the versal family is effective at the origin.
We also prove in this paper that, under additional conditions, the versal family we
construct is actually universal. Qué, using the machinery of groupoids, proved
the existence of a versal family for analytic elliptic pseudogroups [17].

In §1, we review very briefly Spencer’s machinery. A definitive version of
this is now available [11], and the reader is referred to it for the details. In §2
we introduce deformations of pseudogroup structures and the notion of infini-
tesimal deformations. Finally, in §3, we prove the main theorems.

1. Review of the machinery. In this section we very briefly recall facts
about the Spencer resolutions for a system of partial differential equations on a
manifold M, and establish the notation that we shall use throughout the paper.

M will always denote a compact, C* manifold (without boundary) of dimen-
sion m. Unless otherwise specified, everything will be C*. T and T* will denote
the tangent and cotangent bundles of M respectively; J, T will denote the kth jet
bundle associated to T. Let R, C J, T be a formally integrable, regular system of
Lie equations on M. (For the definitions see [11], [15], [23], [25].) [Let
I'(M) be a transitive continuous Lie pseudogroup on M of order k. Then the de- .
fining equations for the I'(M) vector fields on M are of this type [5].] Let Inf be
the sheaf of solutions of the equation R,.. Spencer has constructed the complexes
[11], [20], [21], [22], [25]

I: 0 — Inf — C°R, -2 CIR, 2>+ - - —25(PR, — 0, I3k,

where C/R, = R, = sheaf of sections of R, the (I — k)th prolongation of R,;
for p > 1 the CPR, are locally free sheaves (hence the sheaves of sections of
vector bundles over M) the D’s are linear first order differential operators
and, for f € Inf, j f is just the /th jet of f. This complex has the following
properties.

(1) For I large enough (in the stable range) the cohomology of I; is
stable (independent of ), and if the original system R, is elliptic, so is the
complex I,.
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(@) 0— Inf—5 PR, 2> CIR, is exact.

(3) There is a bracket operation on ®p>0 CPR, which makes it into a
graded Lie algebra sheaf. Moreover the bracket, [, ], has the following properties.

(@) D[u, v] = [Du, v] + (—=1) [u, Dv] foru € C[R,, v E C}R,.

®) [u, v] =1 u]l, u € CjR, v E CSR,.

(c) The Jacobi identity:

- l)pr[u’ [U, W]] + (= l)pq [U, [W, u]] + (= l)qr[w’ [u’ v]] =0

foru € CfR,, vE CJR,, wE C]R,.

We now introduce a nonlinear complex which is a finite form for the initial
portion of the linear complex. Briefly, the construction goes as follows: Let
C*(M) be the sheaf of germs of local C* maps of M into itself, and Aut M the
sheaf of germs of local C* diffeomorphisms of M. Let J,M be the manifold of
I jets of local C* maps of M. The source map &;: ;M — M, j f(x)—x and the
target map ;: J;M — M, j,f(x) — f(x) are submersions onto M. JiM has de-
fined on it a law of composition by j;g(v) * j;f(x) = j,(g o f) (x), where y =
f(x). Let IT,M be the Lie groupoid of invertible elements of J,M. The elements
of II,M are the [ jets of local diffeomorphisms of M. Let 0 € M be a distinguished
point, and let (I,M), = {¢y € ,M; a,y = 0}. Then (II,M), is a principal fibre
bundle fibered by the target map ;. Denote by J,M and TI,M the sheaf of germs
of sections of &;: J,M — M and a,: ,M — M respectively. Call 4 € I1,M ad-
missible if 3, © 4 € Aut M. Denote by I',M the subsheaf of admissible elements
of ;M. (I';M is not to be confused with I'(M). I'(M) denotes a pseudogroup on
M) We then have the morphism of groupoids j;: Aut M — [[M.

Now let I'(M) be a pseudogroup (of order k) on M. Let P(I'(M)) C T,M
be the set of all elements p € [, M such that p-= j, f for some f € I'(M). Let
K, (') C P(T(M)) be the admissible elements of P,(T'(M)). Then K,(T'(M)) C
;M. Then, the following nonlinear complex may be constructed:

Nj: 1—T(M) I LCan) 2 IR, 2, —C2R,
where R, C J, T is the kth order system of equations for the pseudogroup I'(M)
(T = T(M) = tangent bundle of M),
J
1 — 1) K@) > CIR,

is exact and D; D= 0. D, D, are nonlinear differential operators and D, is given
by D,u = Du — %[u, u], where D is the operator of the linear complex and [,]
is the bracket on that complex.

We.list the following facts.
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(1) Let F, be a 1-parameter family of sections of K,(I'(M)), depending dif-
ferentiably on the parameter ¢, and such that Fy =j, Id; thendF,/dt|,_, €
C”M, R,) where C”(M, R,) denotes the space of global sections of the sheaf
R. (C~M, R) =C~(M, R)) = C* sections of the vector bundle R;.)

(2) There exists a differentiable map Exp: C*(M, R;) — C,(M, K(T'(M)))
where C,(M, K (T'(M))) is the space of global sections F such that §, o F is an
automorphism of M where B, is the target map.

Exp has the following properties:

(a) For each £ € C™(M, R)), the map ¢ € R — Exp t € C,(M, K(T'(M)))
is a 1-parameter subgroup of C,(M, K,(I'(M))). That is,

Exp (¢ + 1) = (Exp t£) * (Exp 1'¢),
Exp 0 =, Id,
J Exp (—1§) = (Expt£)~",
Lexp |00 = &

(b) B; o Exp t& = exp #(¥) where £ is the projection of ¢ onto M, i.e., £ is
a I'(M) vector field on M, and exp is the usual exponential map on M.

The complex N, is a finite form for the complex I;. More precisely, there
exists a contravariant action of K,(I'(M)) on C{ R, which we denote by Ad, such
that

d
LOF, | =r, = AdF, @)

where {F,} is a differentiable 1-parameter family of sections of K (I'(M)) over an
open set U C M, with F, admissible, n = dF,/dtI,___,o € C”(V,R)) where V =
£, (U); and

d
a}vlvtlmto =Du — [u, ”rO]

where {v,} is a differentiable 1-parameter family of sections of C ,l R, over U and
u= dvt/dtlt___,o.

The following properties hold for the operators D and D, .

(1) (F *+ G) = Ad G(DF) + DG. In particular (F * G) = DG ¢ F =
i, for fET(M); and DF~! = —Ad F~1(DF).

(2) D[Ad F(u)] = Ad F(Du — [DF~}, u]).

(3) Foru € C!R, and F € K,(T(M)), define u* = Ad F(u) + DF. Then
we have

uF G =@, uld=uyu, W™l = Ad F1u — DF),

and D, @) = Ad F(D,u).
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The last relation shows, in particular, that u satisfies the integrability condi-
tion Dju = 0 ¢ uF satisfies the integrability condition.

Finally, we introduce one more operator as follows. Let {v,} be a differen-
tiable n-parameter family of sections of C} R, with vy = 0. Define D,: CPR, —
C’;“Rk by D,u=Du — [v,, u]. It is easily seen that (D,)* = 0 Dyv, = 0.

The differential operators D, D, D, are restrictions to the complexes /;, N,
of differential operators on the corresponding complexes for vector bundles [11],
[25]. We have occasion to use this fact in the proof of Proposition 3.5. It is
clear from the context there that we are considering D as such a restriction.

We mention here in passing that Spencer’s machinery has its most natural
interpretation in the context of derivations of vector valued differential forms
[11]. The structure of such derivations has been worked out by Henrich and
Nickerson[6], [16].

2. Deformation of pseudogroup structures [5], [11], [17], [20], [21],
[22]. Let '(R™) be a transitive continuous Lie pseudogroup of order k on
R™. Let U C M be an open set and let S(U) = {¢lp: U — R™ is a local diffeo-
morphism onto the domain of an element of I'(R™)}.

A) = {(¢, ¥)Ip, ¥ € S(V) and o y~! € PR™)}.

If ¥, = ¢, we define the product (¢, ¥,)(¢,, ¥,) = (¢, ¥,). We de-
fine an equivalence relation on S(U) by ¢ ~ ¥ « (¢, ¥) EA(U). Then S(V),
A(U), S(U)/A(U) are presheaves on M. Let the associated sheaves be S, 4 and
S/A and denote their spaces of sections by H°(M, S), H'(M, A) and H'(M, S/4)
respectively.

DEFINITION 2.1. A T'(R™) structure on M is an element s € HO(M, S/A4).
A T'(R™) manifold is a pair (M, s) where M is a C* manifold and s is a "(R™)
structure on M. (Integrable G-structures are the best known examples of pseudo-
group structures [10], [19], [24].)

Let My = (M, s,) be a I(R™) structure on M. The local automorphisms of
the structure form a pseudogroup on M which we denote either by I'(M,) or
I'(M, s5). Any pseudogroup so induced is locally equivalent to I'(R™). Hence,
the pseudogroups associated to any two I'(R™) structures are locally equivalent.

In the sequel we shall be considering families of I'(R™) structures on M,
parametrized by analytic varieties. Let W C R” be an open set, and let S be an
analytic variety in W. Let S, be the set of regular points of S. (By analytic
variety we mean the set of common zeros of a finite number of analytic func-
tions.)

DEFINITION 2.2. Let S be an analytic variety and let F: S — R be a map.
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F will be called C* if F is continuous and if Flg, is C* in the usual sense. A
continuous map F: § — S’ of analytic varieties is C* if Flp—1g, is C™.

DEFINITION 2.3. Let UC M and S’ C S be open sets. A C™ family of co-
ordinates of M with parameter space S isa C* map Z: U x §' — R™ such that
E5(x) = E(x, s) is a coordinate map for the differentiable structure on M for each
sES.

DEFINITION 24. A C* family of I(R™) structures on M with parameter
space S is a collection {£,} of C* families of coordinates of M such that

(1) for any p €M and any s € S, there is a Z, with domain Uy % S’ and
@ s) e Uy x S";

(2) for each fixed ¢, the collection {Z%} defines a '(R™) structure on M.

The I'(R™) structure defined by the collection {Z fx} is labelled M,. Hence,
we obtain a C* family of I'(R™) structures on M, {M,, s €S}. Lets, €S bea
distinguished point; then a family {M, s € S} of I'(R™) structures with param-
eter space S is called a family of deformations of the structure M o If M, is a
fixed I'(R™) structure on M, then a family of deformations of M, with parameter
space S is a family of I'(R™) structures {M, s € S} such that there exists a dis-
tinguished point sy € § with M, = M. We then say that {M,,s € S} isa C”
family of deformations of M, over (S, s;).

DEFINITION 2.5. Let {M,, s €S}be a C* family of deformations of M, over
(S, 5o)- Then, the family {M,, s €S} is called complete (versal) at s, if for any
other family {M,, t € T} of deformations of M, over (T, t,), there exist an
open neighborhood T’ C T with ty € T', a C* map 7: (T", t,) — (S, $,) and
a collection {f*, t € T'} of diffeomorphisms of M such that

1) flo=1d;

(2) f'is a (R™) isomorphism between M, and M, ,); and

(3) foreachp €M, fi(p)is C” in ¢.

{M,, s €S} is called universal if the map 7 is unique.

DEFINITION 2.6. The pseudogroup I'(R™) is called elliptic if the system
of linear differential equations, R,, associated to I'(R™) is elliptic.

From now on, we assume that ['((R™) is elliptic and that we are working in
the stable range. Let M, = (M, s,) be a ['(R™) structure on M, and let Inf be
the sheaf of germs of I'(M,,) vector fields on M, i.e., Inf is the sheaf of germs of
infinitesimal automorphisms of M. We then have the linear and nonlinear com-
plexes

J, D D M
I: 0 —Inf = CORYO 25 CIRYO >0+ - > CPR O — 0

j D
Ny:1— TMp) 25 KO(g) 2> C'RYO =L C2R}.
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The basic existence theorem is the following

THEOREM 2.1 (MALGRANGE [15]). If [(R™) is elliptic, the sequence

j ~ 9
1 —T(My) — K,(T(Mp)) 2> TIRY0 L c2glo
is exact, where
CR,O={ue C} Ry c'I(Id — po) € Aut (D)}

and p, is the natural projection onto T* ® T and Auty(T) denotes the automor-
phisms of the sheaf T. (For a vector bundle E, E denotes the sheaf of sections of
E; 0 is the structure sheaf of M.)

Let us examine the meaning of this theorem. Let v be a global section of
'C",' Ri% satisfying the integrability condition D,v = 0. Then, by the theorem of
Malgrange there exist an open cover of M by sets { U, } and a collection {F,} of
sections of K,(I'(M,))) over {U, }such that DF, = ”lu,,,' If U, N Uj is not empty,
on the overlap we have DFﬁ DF, = vl UaNUg: Hence, by the exactness of the
above sequence we have F, o F" = ],faﬁ for some faﬁ € I'(M,)). Hence the col-
lection of pairs {(U,, F,)} deﬁnes a T(R™) structure on M.

Now, let v, be a parametrized family of global sections of C ,l R:lo satisfying
the integrability condition D,v, = 0 for each ¢, and with vy, = 0. Then, for ¢
close to ¢, v, is a section of @" Rk and hence we obtain a C* famlly {F, ,}
of sections of K (I'(M,)) over { U, }such that for each ¢, Fo oo F ] o8 =1 ft' oB
for f, o € T(M,). The collection of pairs {U,, F, ,}then defines a C* deforma-
tion of the I'(R™) structure M,. We shall now prove the converse, namely that
every germ of deformations of M, is given by a collection of pairs {U,, F, ,}
such that for each ¢ and U,N U nonempty, Fioo FI‘; = Jif1,op for some f,'aB
€Ir(M,).

Let {Z,} be a family of deformations of M, over the parameter space
(S, o). Let E,: U, x §' — R™, and assume that sy €S’. Let U C U, x S be the
set of all (p, 5), p €U,, s €S'such that E,(p, s) € Z)(U,). Then U is an open
subset of U,y x §', and U,y x §o C U. Then for each p € Uy, there exist an open
neighborhood U, of p and an open set S, C S, S, 3 sg, such that the map
¢, ) = (‘Eg)‘l(E*;(x)) is defined for all x €U, and all s € Sp,. Such a family
of maps defines a family of sections of the sheaf Aut M (over the open sets Up)
parameterized by S, such that ¥50,p = 1d for each p €M, and ¢, , ‘ps“; =1\ pa
€ I'(M,,) whenever this composmon makes sense. If M is compact, we can ex-
tract a finite subcollection {U ; P5,p; '} and this subcollection then defines a de-
formation of M.



180 S. H. MOOLGAVKAR

Let M, be any I'(R™) structure on M. If we pick a distinguished point in
M, T(M) gives rise to a principal fibre bundle on M which we denote by P,(M,)
(see §1). Let us suppose now that M, is obtained from M, by the following
data: an open cover {U,} of M and a collection { f,,} of local diffeomorphisms
of M where each f, has domain U, such that f, o f B—l € I'(M,)) whenever this
composition makes sense. For any /, j,f, € C,(U, I'M) and the law of compo-
sition in the groupoid IT,M defines a diffeomorphism of principal fibre bundles,
Ity PI(Ms)IUa —’PI(Mo)lf(Ua)'

DEFINITION 2.7. The I'(R™) structures M, and M; are close if P(M,) and
P((M,) are isomorphic as fibre bundles for every I.

PROPOSITION 2.1. Let M be compact and let {M,, s € S} be a C* family
of deformations of M, over (S, s,). Then there exists an open neighborhood s’
of s, such that for every s € S, M;and M, = Mso are close.

PROOF. Since M is compact, there exist an open " C S, s, €S" and a
finite collection {U s.p; } where the family {U } covers M, and the local
diffeomorphisms gos p; 3¢ deﬁned for each s € S"

For each x € M and s € 8" define P(**) = P(M,),. We first show that

=U st emPr’ %) s a principal ﬁbre bundle over M x S". It clearly suf-
ﬁces to establish local triviality over sets of the type U x 8", This is immediate

since the maps jyp; ’; define an isomorphism of P,(M, )I Uy, with PI(MO)I‘PS.p,'(Up,')'

Now any point s € S has an open neighborhood wh1ch is contractible (in S)
to s. Moreover, the contraction can be made C* at the regular points and con-
tinuous at the singular points (personal communication, John Mather). In par-
ticular, there is an open neighborhood S’ of s, which is contractible to s,. Then,
standard methods in the theory of fibre bundles show that P,(M,) and P,(M,)
are isomorphic for s €S’. Q.ED.

We have actually shown more than the statement of the proposition. We
have shown that for each s € §’, there exists an isomorphism G: P,(M,) —
P,(M,) (once a C* contraction of § " is chosen) and what is more, the family
{G;} isC”inS.

We thus obtain a family of isomorphisms G: P,(M,) — P,(M,) for s € S’
Recall that we have a finite collection of pairs { U, 2%, Pi} on the compact mani-
fold M. Define Fy , on U, by Fy, =i¢;p,° G Then, F, , © Fyp =
iJs PP where fs PP GI‘(MO) as an easy computation shows. Hence, for a com-
pact manifold M we flave shown that given a C™ family {M,, s €S} of deforma-
tions of M, over (S, s,), there exists an open neighborhood S of 54, such that
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{M,s€ S'} is given by a finite collection of pairs {Up', F ’»Pi}’ where the Fs,p’
are sections of K,(I'(M,)) over UPi' We can now state the main theorem.

MAIN THEOREM. Let M be a compact C™ manifold without boundary of
dimension m. Let T'(R™) be a continuous, transitive, elliptic Lie pseudogroup of
order k < . Let M, be a I'(R™) structure on M. Then there exists a versal
germ of deformations of M.

In §3 we shall use Hodge theory to construct a parametrized family {v,}
of global sections of C; Rk satisfying the 1ntegrab1hty condition and with v, =
0. Since for ¢ small, v, is a section of El Rk » Malgrange’s theorem then gives
us a family of deformations of M. We finally show that this family is versal.

We have seen that given a C* family of deformations of M, over (S, s,),
there exists a family of pairs {Up, cp&p} where U, is an open set containing p
and y , is a local diffeomorphism of U,. For each s, ¢ o tp;ql = f,pq Where
s pq € I'(M,) whenever this composition makes sense. Let us assume now that
S is nonsingular (i.e., S is an open region in euclidean space). Let U, NU, be
nonempty. Then for each x € U, N U, the map 8pg() =1 pq(*) as s varies
in an open neighborhood S’ of s, is a C™map, 8pq:S' — M with £,q(50) = x.
This map can obviously be described in the following way. Let v € Ts,S, and let
7(t) be a C™ curve in § with ¥(0) = s, and dy(t)/dt|,_y = v. Let {U 0> Py ()0}
be the famﬂy of pairs with the local diffeomorphisms ¢, p Testricted to 7(t) Then,
Py()p ° tp,,(,) a =y ,pq and for any x € U, n U,, the map f,y(,)’pq(x) defines
a C” curve on M with f, o) 5o ) = x. Then

d
,qV) = gt (Fy(e).pa)e=o0"

In this way, we obtain a vector field (keep v fixed and vary x € U, N U,) de-
fined on U, N U,. Since . v(t)pq € T'(Myp), the vector field 0,4 is @ section of
Inf. Itis easy to check that the cohomology class of the collectxon {0 }m
H'(M, Inf) is independent of the choices made and is well defined. Hence, the
map dg,,q: Ty S — T, M induces a map py, : T, — H'(M, Inf).

DEFINITION 2.8. The map pyy : T, S — Hl (M, Inf) is called the infini-
tesimal deformation of M|, associated to the C® family of deformations
{M,:se€S}.

DEFINITION 2.9. The family {My: s € S} is called effective if Pu,: T, oS
— H'(M, Inf) is injective.

We shall show that the versal family we construct is effective when 8o is
a regular point.
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Following Spencer [23], we prove the lemma:

LemMMA 2.1. With the hypotheses of the main theorem the complex I, is a
fine resolution for Inf in the stable range.

Proor. Since ['(R™) is elliptic and since / is in the stable range, the com-
plex

D C,R _,...LcmRt'lo

CORYO 2>

is an elliptic complex. Moreover, for each p >0, C/ R, M0 is the sheaf of sections
of a vector bundle over M and hence is a fine sheaf We have now to demon-
strate the exactness of I;. For each'p, let Cf R M0 be the sheaf of sections of the
vector bundle CY R Mo Letu represent a germ of a section of Cj*! RM° over the
point x, € M and let Du = 0. By the third fundamental theorem of Cartan
(Goldschmidt [4]), there exists a local I'(R™) coordinate neighborhood U of x,
such that the operator D is analytic in these coordinates. Choose a metric in
C;+1RY91,,. Now let U, U, be neighborhoods of x, such that Uy C U, and
l—ll C U. Let p be a differentiable function with support in U; and which is
equal to 1 on U,. Let u; = pu. Since D is elliptic, there exists a local Green’s
operator L, on U, such that u;, = OL u,, where 0 = D*D + DD*, is the La-
placian defined locally. u,=u, on U and u; = DD*L,u, + D*DL u,. Since
Du, =0 on U,, we have DD*DL,u, = 0, and certainly D*D*DL,u, = 0. Hence,
we have OD*DL,u,; = 0, and since O is strongly elliptic, D*DL,u, is real ana-
lytic on U, (in the coordinates which we have chosen). Now, DD*DLu, =0
and D*DL u, is analytic on U, hence there exists w, a germ over x,, of a sec-
tion of CkaMo such that Do = D*DLu,. Then, over some neighborhood U’ C
U,, we have u = D(D*L,u; + w). Q.ED.

3. Proof of the main theorem (following Kuranishi [12], [13]). We shall
assume known the basic facts of the Hodge theory for elliptic complexes. Readers
who are unfamiliar with this may refer to [13, pp. 69—78] for a brief summary.

From now on M, is a fixed I'(R™) structure on the compact manifold M,
lis in the stable range and C ;"Rfo is identified with the sheaf of germs of sec-

tions of the vector bundle C}R}, ©. Recall that C? RYO = R0, 50 that COR,0 =R}
I: 0 — Inf—5> CORYO ZscipMo 2, ... 2, empMo —

is a fine resolution of the sheaf Inf We let C*(CFR; o) denote the space of
sections of the vector bundle C}R, Mo We introduce metrics on these vector
bundles, and let D* be the formal adjoint of D with respect to these metrics.
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We obtain the complex
wop nM
C(CORY®) 2> c=(CIRYO) 2>+« - 25 c(C,"0).

We let O=DD* + D*D be the Laplacian. We let H* denote the space of harmonic
sections. I: C™ (C}‘Ri%) — H* is the projection. Then we have the Hodge
decomposition: for ¢ € C“(C;"Rfo), ¢ =M yp + OGy, where G is the Green’s
operator for 0. We let Q = D*G = GD*. Then, ¢ = lI;p + DQyp + QDy. Also,
QoQ=D*cQ=QoD*=0. ll;0Q=QcI,;=0. Weadopt the follow-
ing notation. For a vector bundle E, (C*(E), q) will denote the pre-Hilbert
space of global C* sections of E equipped with the Sobolev g-norm. (C*(E),q)
will denote the completion of the space.

Now we construct a family ¢(s) of global sections of C!RL'©, parametrized
by s € S such that ¢(s) satisfies the integrability condition for each s €S and
¢(s) = 0 for a distinguished point s, € S.

Let & = {9 €C(C!RY®)IDy — %[p, ¢] = 0 and D*p = 0}. Then Oy —
BD*[p, 9] =0 forallp €®. (~ Oy — %D*[p, 9] = DD*p + D*Dyp —

%D*[p, ¢] . DD*p = 0 since D*p = 0 and D*Dy — % D* [y, ¢] = D*(Dy — %[y, ¢])
=0.)

Applying Green’s operator G, we obtain GOp — %GD*[p, 9] = 0= ¢ —
;0 — % GD*[yp, ] = 0. Putting Q = GD*, we have

= %0[p, ¢] =Myp
=& C ¥ ={yp€C(CIR, °)y—%0lp, v] EH'}.

Define F: C(C{ R, ®) — C=(C!R}Y®) by F(p) = ¢ — %Qlp, v]. [0, ¢] de-
pends only on the 1-jet of ¢ and hence is a first order differential operator (non-
linear). Then, %Qlp, ¢] = KGD*[p, ¢], and D*[p, y] is a second order (non-
linear) differential operator and hence uniformly continuous from (C*(C/R M°) q)
to (C™ (C,'RMO) q-— 2) Since G is umformly continuous (actually bounded
linear) from (C* (C,’Rk 9, q 2) to (C7 (C,lR,c 9),q), %0ly, ] is uniformly
continuous from (C“(CLR 9, ¢) to (C“(C}R:’o), q) and hence F extends to a
map, still denoted by F,

F: (C*(C}Ry®), @) = (C*(CIR, ), ).
The Fréchet derivative dF of F at the origin is just the identity map, and since
F = Identity — Quadratic, F is an analytic map of Hilbert spaces. Hence, by the
inverse function theorem for Banach spaces, there exist open neighborhoods U,
Vof 0; U, ¥V C (C”(CIR, °), q) such that F: U — ¥ is invertible, i.e., F~!
existsand F~1: V — U'is analytic. Let € > 0 be sufficiently small, and let W =
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{seH| Isl, <e}. Then Fl:w— C"(C}Rf’o) and F~1(s) = ¢(s) with
F(p(s)) = s. (s) still satisfies the condition

Oe(s) — %D*[¢(s), ¢(s)] = 0.

(“ ¢(s) — %Q[p(s), ¥(s)] = s
= Op(s) — A0OD*G[¢(s), ¢(s)] = Os =0 (since s is harmonic)
= Oy(s) — %D*[p(s), v(s)] + %ID*[o(s), w(s)] = 0.

But, T, D*[o(s), ¢(s)] = 0 = Op(s) — %D*[p(s), ¢(s)] = 0.) Hence, by a
well-known theorem of Douglis and Nirenberg on quasilinear elliptic operators [2],
(s) is C™.
Now we find necessary and sufficient conditions for ¢(s) to be in ®. (g(s)
is already in ¥.) Recall, & = {¢ € C*(C!R}®)|Dyp — %[y, ¥] = 0 and D*y
= 0}.
It is immediate that D*y(s) = 0.
(- 9(s) — %Q[w(s), ()] =5
= D*o(s) — YD*D*G [¢(s), p(s)] = D*s =0 (s is harmonic)
= D*y(s) = 0).
Now,
@(s) — %Q2[v(s), p(s)] = s = Dy(s) = %£DQ[(s), ¥(5)]
= Dy(s) — %[0(s), (8)] = ADQ[¢(s), w()] — %[0(s), ¢(5)]
= %DD*G[p(s), p()] — %[¥(s), ¥(8)]
—KD*DG[p(s), v(s)] — %Il [w(s), ¥(s]
—%0D[¢(s), v()] — %115 [0(5), (5)] -
Since the images of QD and I, are orthogonal in the L,-norm, Dy(s) —

%[0(s), ¢(s)] = 0 OD[w(s), ¢(s)] = 0 and My [(s), ¥(s)] = 0. But we have
the following

LEMMA. TI[(s), 9(s)] = 0 <+ OD[p(s), v(s)] = 0.
PROOF. QD[¢(s), ¢(s)] = 2Q[Dy(s), ¢(s)] = 2Q[%DQ[¥(s), ¥(s)], ¥(5)]-
(- 2DQ(s), ¢(s)] = Dy(s))
= 0[[p(s), ¢(s)], w()] — Q[ [w(s), (9], ¥(s)]
— Q[OD[¢(s), ¢(s)], ¥(s)]
= Q[[¢(s), ¢(s)], ¥(s)] — QIAD[¥(s), ¥(s)], ¥(s)]
(® My [eGs), ()] = 0).
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[[e(s), ¥(s)], ¢(s)] = O by the Jacobi identity. Hence, we finally have
OD[g(s), ¢(s)] = —Q[AD[¢(5), p(5)], ¥(s)].

Let QD[o(s), p(s)] = £(s); then we have £(s) = —Q[&(s), v(s)] = I&(s) 1, <
clE(s) I, lo(s) I, where c is a constant independent of £(s) and ¢(s) (this is an
easy consequence of Sobolev’s lemma) = £(s) = 0 if llp(s) Il is small.

This proves the lemma.

Hence, for lly(s) I, sufficiently small,

o(s) € @ @ My [(s), ¢(s)] = 0.

Hence, we have a family of global sections y(s) of C} R:’o parametrized by s in
a small neighborhood of 0 in H' ~ H'(M, Inf), and ¢(0) = 0. ¢(s) satisfies the
integrability condition for lly(s) I q Small, if and only if s lies in the analytic
variety S defined by the equation Iz [e(s), ¢(s)] = 0.

This completes the first part of our task. It remains to show the versality
of the family ¢(s). First, we have an immediate

COROLLARY. If H*(M, Inf) = 0, then S is nonsingular, and is in fact an
open neighborhood of zero in H'(M, Inf).

PROOF. Since H? ~ H*(M, Inf), H*(M, Inf) = 0 = T, [p, ¢] = O for all
¢, 9 EC™(CIRY). QED.

Before we can prove the versality of the family ¢(s), we need to prove the
following proposition.

ProrosiTION 3.1. Let v, and v, be global sections of C}R],tlo satisfying
the integrability condition. Then v, and v, define equivalent T(R™) structures
« there exists F € C,(M, K(T(M,))) such that (v,)F = Ad F(v,) + DF = v,.

PROOF. Suppose there exists an F as stated in the proposition. Let {F3}
be sections of K, (I'(M,)) over {U,} such that DF§ = v, for each a. {F$} ex-
ists by the theorem of Malgrange and defines a I'(R™) structure on M. Then
Fy and F, - F define equivalent '(R™) structures on M (where F, * F is the
collection {F§ * F}) and hence the conclusion follows from the fact that
WF5 + F) = v, for each a.

Suppose now that v, and v, satisfy the integrability condition and define
equivalent I'(R™) structures. This means that there exist an open cover {U,}, < 4
of M and a collection {F{},c, of sections of K(I'(M,)) (F{ being defined on
U,) such that DF{ = v, for each a. Similarly, we can find { V;}sc g and {F§ Yo
such that DFf = v, for each §. Also, each F§ (F #) covers a local diffeomorphism
7 () ofm.
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Now let W, s = U, N V. Then {W,;} is an open cover for M, and by restric-
tion, we obtain the collections of sections {F*} and {F{*}where DF#® = v, and
DF3 @b — =v,. The collection of local diffeomorphisms {f; @B} on the open cover
{ W} defines the I(R™) structure M, associated to v, . Similarly, the collection of
local diffeomorphisms { f; 2B} on the open cover {W, «p} defines the T(R™) structure
M, associated to v,. Since v; and v, define equivalent '(R™) structures, there ex-
ists a global diffeomorphism f: M — M such that the collection {f{"‘3 o f} defines a
T'(R™) atlas for the structure M, associated tov,.

Finally, we define covers for M as follows:

1. Considerf ~'(W,,), «€A4,8EB and let Wy, 5 = Wog N YW, 5), 0,7
€A, B, 8 € B. Then the collection {W By }, a,yEA, B,5 €EB covers M.

2. Consider f(W,g), ® €4, € Band let Waﬁ.,s =f(Wap) N W,5, @, YEA,
B, 6 €B. Then, the collection {waB'y& }, a,yEA, B,8 € B covers M. 1t is evident
that for any a {3, 7,8, a,YEA, B,5 €B there exist o, f', ¥', §', such that
TWapys) =Worgys'

IEf(Wogy5) = Worgrosr then Y8 o f= p2678 o £2BYS ypore fo'8''8"
and f3P7% are restrictions of f* '8’ and f5P respectively and ¢ 878 E€T'(M,). Define

Fabys _ jl(¢a878) oF3PY8 and FobYs = (Fla'ﬁ 1'8'y-1, (F«:ﬁ-rs).

We have to show that the collection {F*#7®} defines an admissible global section of
K,([‘(Mo)) Let U=W,g.5 N W,p.q F 2. Then

Faﬁ'y& = fabed on 7
@ FEFETEY Lo FIT) = (R o (FO0ed) on U
o (F‘i,blc'dl) o (Fla'ﬁ"y'& ')—l = (Fabcd)(faﬁ‘ya )-1.
Left-hand side = j,[(f22'¢') o (f2#7'8)-1].
Right-hand side = /,[(¢°°) o (f3°¢%) o (f3#7°)71 o (0*7%)71]
=YY o fofmt o (FEYE Y1)
= left-hand side.
Hence, the collection {F*?7®} defines a global section. An easy check shows that
this section covers the global diffeomorphism f. Hence the section is admissible.
QED.
Let y(s) be the global sections of C} R:’o that we constructed. The ¢(s) are

integrable and in addition satisfy the condition D*¢(s) = O for each s. Let w(?),
t € T, be any other family of global sections of C} R),i{o satisfying the integrability
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condition, and such that w(0) = 0. By the previous proposition, we need to find
an open neighborhood T of 0, and a family F(¢), t € T, such that F(0) = Id
and (w(®)F D= Ad F(£) (w(?)) + DF (t) = ¢(s(t)) where s() means that s is a
C* function of ¢.

Recall first that associated to I'(M,) we have the principal fibre bundles
P,(M,) with structure groups G,. Let T(P;(M,)) be the tangent bundle of P,(M,)
and let F(P,(M,)) C T(P,(M,)) be the vertical vectors. Then we have the short
exact sequence of vector bundles over M [1]

0 — F(P,(My))/G, — T(P,(M,))/G, — T(M) — 0.

A splitting of this sequence is a connection on P;(M,) and defines an iso-
morphism

T,(M))/G, ~ F(B,01,))IG, ® TUM).

Rflo'is isomorphic to T(P;(M,))/G,; and F(P,(M,))/G, is a bundle of Lie algebras
over M, with fibre g, the Lie algebra of G,.

Let £ be a global C* section of R °. Then, £ = (&, £,) with £, a global
section of F(P,(M,))/G, and £, a vector field on M. Since the fibre of
F(P,(My))/G, can be identified with g,, the usual exponentiation in Lie groups
followed by left multiplication defines an isomorphism of fibre bundles €(£,):
P(M,) — P,(M,). Now we fix a metric on M. For §,(x) € T, (M), consider the
geodesic starting out at x and with tangent vector £,(x) at x. Let p be the end
point of the geodesic at time 1. Let e(¢,) (x) = p. For small £, e(%,) is a diffeo-
morphism of M onto itself. Then, the connection on P,(M,) (induced by the
splitting of the short exact sequence) allows us to lift e(¢,) to a fibre bundle map
e(,): P(My) — P,(M,). Define E(¢): P,(My) — P,(M,) as the composite,
E() = 2(&,) ° €(§,). E(%) is a bundle map over the diffeomorphism e(,).

E@®)| PiMo)x depends only on £(x).

PROPOSITION 3.2. There exists a neighborhood U of zero in C*(M, C,‘Rl,t%)
in the Sobolev q-norm for q large enough, such that for every v € U, there exists
a unique £(v) € C™(M, C,"Rf0 ) such that D¥(W)E €M) = 0,and £ is C* in v.

PROOF. Recall H® = {¢ € C™(CR}%)| Dt = 0} and “H® = the orthogonal
complement of H® in the L,-norm.

Define a map F: “H° x C“(C}Rtm) — 150 by P, v) = D*EF®) =
D*(Ad E(£) (v)) + D*I(E(%)). Let G be the Green’s operator. An easy computa-
tion shows that F(&, v) = 0 ¢ GF(%, v) = 0. Since E(£) depends only on the
0O-jet of £, F(&, v) depends on the 2-jet of £ and the O-jet of v and hence is a
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second order differential operator as a function of ¢ and a O-order differential
operator as a function of v. Hence, F is uniformly continuous from

-L 00 M
("H® x C*(C/R}:©), q) — (*H®, q - 2).
And hence, GF can be extended to the completions:

GF: C™(*H° x C*(CAR}®), q) — (*H°, q).

Consider the partial derivative d(GF)/0k| o, o). It is clear that the only con-
tribution is obtained from the term GD*IXE(£)) and 3(GF)/a¢ l0,0y = GD*D =
Identity: “H® — “HO. (We are using the fact that the Fréchet derivative of D is
D)

Hence, by the implicit function theorem in Banach spaces, there exists an
open neighborhood U of zero in C“(C}R:%) such that for every v € U, there ex-
ists a unique £() in “HC with £(0) = 0 and such that GF(¢(v), v) = 0. Moreover,
(@) is C” inwv.

But GF(¢(v), v) = 0 ¢ F(((v), v) = 0. Hence, for every v € U, there exists
unique £(v) such that D¥()F€®) = 0. QED.

It is now clear that the family ¢(s) of deformations of M, is versal. For let
() be a family of global sections of C} Rf 0 satisfying the integrability condi-
tion and with w(0) = 0. Then, by the proposition above, if w(f) is sufficiently
small in the Sobolev g-norm, there exists a unique £(w(#)) such that

D*(w()EE@EN) =9,

Hence, E(£(c(?))) is the global family F(r) that we were seeking.
We have the corollaries:

COROLLARY 1. If H' = 0, then the T(R™) structure M, is rigid.
Proor. The versal family consists only of the element M.

COROLLARY 2. Let o(s) be the versal family constructed above. Then
there exists a neighborhood U of zero in C“(C}R}f") in the Sobolev q-norm for
q large, such that if o(s,) € U, then o(s) is a versal family of deformations of ¢(s,)
(that is, of the T'(R™) structure defined by ¢(s,))-

PROOF. Let «(f), t € T, be a family of global sections of C! Rf°, satisfy-
ing the integrability condition and with w(0) = ¢(sy). w(?) defines a deforma-
tion of the I'(R™) structure defined by ¢(sy). Let U be the open neighborhood
of zero in C“(C}RkM°) constructed in the proof of Proposition 3.2, and assume
that ¢(s,) € U. Then for small ¢, () € U. Hence, for small enough ¢, there
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exists a unique £(¢) such that D*((c(£)) ¢()) = 0 and £(0) = 0. Hence, E(£(2))
defines an equivalence of w(#)) with ¢(s(?)) (in the sense of '(R™) structures) and
E(£(0)) = Identity. This proves that ¢(s) is versal for ¢(sy). Q.E.D.

We want to show now that the versal family y(s) that we have constructed
is effective at the origin. Let us recall first that we have a fine resolution for Inf:

0—->Inf—£I—>C?Rf,l° D, C}Ri% Lb,... 2, c;"Rf°—>0.
This sequence of sheaves gives rise to a complex
C=(CORY0) 25 c=(CIR©) 2> - - + 25 c=(CIRM0),

and a standard theorem in the theory of sheaves asserts that HP(M, Inf) ~ pth
cohomology of the above complex.

Now let {M_, s € S} be a C* family of deformations of M, and let
pu Toy = H'(M, Inf) be the infinitesimal deformation. (We are assuming for
the moment that S is nonsingular.) Let {M, s € S} be represented by a family
(s) of global sections of C} R:“ satisfying the integrability condition and with
w(sg) = 0. Then, there exist an open covering {U, } of M, and a C* family of
sections { Fy , } of K;(I'(M,)) such that Fy , o F s.-Bl =Jify o f01 f5 0 € TR™).
Now,letvE T, 0S and let 7(f) be a C™ curve in S starting at s, such that 1'(0) =
v. Then, pMs(v) is represented on U, N Uj by the cocycle 8,5 =d(f.,(s),ap)/dtl¢=0s
where f'y(t),aB isfs,a8 restricted to the curve y(f). The injection j, maps Oaﬁ into

. (d
710ap) =Ji (2? (f'r(t),aﬁ))

=4
t=0 dt Gofy).6) =0

=4 d

T dt (F'Y(t)’a) t=0 (?i(F'Y(t):ﬂ) |t=° :

It is easily seen that pMs(v) is represented by the global section x of C} Rl,:{o
given by

d
Xly, = Dgr Eye),e)

X is a global section as x| v, = X'U,, on U, N U, since

t=0"

d 4
D (Fyy,o |1=0 = dF OFy(),0)

t=0
and

NFy(),0) = Dy (1))

From the above, it is clear then that the global section of C,' R},‘:o representing
pMs(v) is d(w(y(f)))/dt|,—o. We can now prove

PROPOSITION 3.3. The versal family {¢(s), s € S} of deformations of M,
is effective at the origin if S is nonsingular.
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PROOF. Recall that the family was given by an analytic map ¢: H': —
Cc “(C}Rl,t%), § > ¢(s). The discussion above merely says that if S is nonsingular
at zero, then p M, is simply dy. But, we saw in the proof of the main theorem
that dy = Identity. Q.E.D.

Finally, we want to show that ‘“equivalent” deformations have the same
infinitesimal deformation.

DEFINITION 3.1. Let {M,s €S} and {M,, t € T} be C* families of de-
formations of M, over (S, s,) and (T, ¢,) respectively. {M,, s € S} and
{M,, t € T} are said to be equivalent if there exist open neighborhoods U and V'
of 5, and ¢, respectively, U C S and V C T, an invertible C* map 7: (V, ty) —
(U, s,) and a collection {f*, t € V'} of diffeomorphisms of M such that

(1) £ = Identity;

(2) f*isa D(R™) isomorphism between M, and M, ,; and
(3) foreachp €M, f!(p)isC~ int.

Then, we have the following

ProposSITION 3.4. Let {M, s € S }and {M,, t € T} be equivalent deforma-
tions of M, where S and T are nonsingular. Then the following diagram commutes:

Proor. Clearly, it suffices to show the following:

Let y(u) be a C™ curve in T starting at #,, and such that 'y'(u)lu=o =
Then dr(y())/dul,-o = dr(v). Let w(y(x)), ¢(7(y(4))) be global sections of
C,l R:% defining deformations along the curves y(u) and 7(y(u)) respectively. Then
we need to show

o @D]ymo = o@D |umo  (in B, Inf).

Since the deformations are equivalent, there exists a parametrized family F. ,) of
admissible global sections of K;(I'(M,)) such that

Ad F,y(u)(w (7(“))) + DF7(“) = (,0(1'(7(“))) With F’Y(O) = Id.
We need to show that

2 (Ad (@) + DFy )

(equal in the sense of cohomology classes in H' (M, Inf)). But

umo = 1@, _,
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d d

u=0-"

Hence d(DF.,(u))/du l,=o is a coboundary. Hence, it suffices to show:

d d
class of 7 (Ad Fy(,y(w(r@)))l,=o = class of 7, c(¥(®))|,=o-

But,
2 (Ad Py @Or@Wl=g

- <ad (diu Fy(,,,> u=o) @O(O)) + Ad F, g, ( 2 w(y(u)))

where ad is an infinitesimal form of Ad; see Kumpera and Spencer [11]. But,
w(7(0)) = 0 and F(y(0y) = 1d. Hence

u=0

u=0°

i (A0 P )] umo = iy 10)

This proves the proposition. Q.E.D.

A uniqueness theorem. We have constructed a family {M,, s €S} of I'(R™)
structures defined by a C* family ¢(s) of global sections of C}R}:’° satisfying the
integrability condition and with ¢(0) = 0. This family is versal at the origin. We
want to show that under suitable conditions this family is actually universal. (See
Definition 2.5.)

Let {M,, t €T} be any other family of deformations of M, with M(z,) =
M,. Let {M,, t €T} be defined by a C* family of global sections w(t) of
C,l R),:Io satisfying the integrability condition and with w(ty) = 0. Then there ex-
ist an open neighborhood T’ of 3, 2 C™ map 7: (T", £,) — (S, 0), and a collec-
tion {7*} of diffeomorphisms of M, such that f* defines a I'(R™) equivalence
between M, and M,.(,), and with f70 = Identity. We want to show that under
suitable conditions the map 7 is unique. (Possibly on a smaller open set T" C T'.)

First, some notation. From now on {M, s € S} will always denote the
versal family constructed in the proof of the main theorem, and ¢(s) the C™
family of global sections of C} R:lto associated to {M,, s €S}. The operators D?
will then be defined by D?: C;"Rﬁ‘fo — C;'""R},‘fo by D%v = Dv — [p(s), v].
Since the p(s)are integrable, we have (D?)* = 0 and DY = D. Hgnce, we obtain
a C” family of sheaf complexes, (SC)3,

0 0 0
(SO = CORY0 22, caglto 22, cagito s, | BY, (wrptto
with (SC)? the usual linear complex we have been considering. Associated to
each I'(R™) structure M, we have the associated sheaf Inf; with Inf, = Inf, the
groupoids K(I'(M,)) and the principal fibre bundles P,(M,). And associated to
each I'(R™) structure M, we have the linear complex:
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J Dy
¢} = 0 — Inf, —> CORMs — 2 c°nffs—>- « o =L omRYs —0

so that Dy = D = DY, and C{= (SC)? = the usual linear complex.
Associated to the complexes (SC)] and Cj, we have the complexes (of C*
sections of the underlying vector bundles)

n? p? n?
I: C*(CORY®) =5 C=(CIRY®) = - - - = C=(CIRY©),

D D D
I5: C=(COR}T) = C=(CIRYS) =5 « + « =5 C=(CI"R}").

Now let us recall that with the groupoid II,M, we can associate the principal

fibre bundle (IT,M),. Then, an admissible section of I',M defines a map of fibre
bundles (I1,M), — (I1,M), (by the law of composition in the groupoid). An admis-
sible section of K;(I'(M)) then defines a map of pnnclpal fibre bundles P,(Mo) —
P,(M,) in the same way. Let us denote by H, "‘(C,"‘R,c 0) and H, *(C,"‘R 5) the co-
homology groups of the complexes Ij and II respectively. We have the following:

PRroposITION 3.5. Let {M,, t €T} be a C* family of deformations of M,,.
Then there exists an open neighborhood V C T of t,, such that there exists a C*
Jamily of admissible global sections G(t) of T'\M, parametrized by t € V and with
the following property. Each G(t) considered as a bundle map defines an isomor-
phism (over the identity) G(t): P(M,) — P/(M,) and the following diagram

commutes.
D, D, D, .
C”(C?R:l') C™(CIR} t) ... 4¢ (CmRMt)

Ad G(?) Ad G Ad G(?)
p? p? p?
C=(CRY) 5 c=(CRY) > - -+ 5 C=(CIRY°)

ProoF. We have a covering {U, } of M and a collection { F, r} of local
admissible sections of K(T'(M,)) over the collection of local dlffeomorphlsms
{fy,t }rey- Over each U,, define G, () by G,(8) = G, f,, ,)" . We show
now that the collection {G,(£)} defines a global section of l",M over the identity.
Let U, N Uy be nonempty and consider

Gy o Gy ' = Gify ) o F, o Fg} o if,
=Gfad™ iy o Do iify
=j( fa" L fﬁ o fs, ¢) =J; (Identity).
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This proves that G is globally defined over the identity. It is then clear that
Ad G(2): C“(CkaM’) — C”(C,*Rffo) is an isomorphism. To show commuta-
tivity of the diagram, we have to show that Ad G(D§) = D° Ad G(¢), for t €

“(C,*Rk "). ButD? AdGi= D(Ad G(¥))— [DF, Ad G(§)] (where by DF, we
mean the global section of C} Rk 0 defined by the collection { DF,})

= Ad G(D§) — Ad G[DG ™!, £] — [DF, Ad G(¢)]
= Ad G(D§) —[AdG(DG 1), Ad G(§)] — [DF, Ad G(¥)]
= Ad G(D%) +[DG, AdG(§)] — [DF, Ad G(®)].

But DG = DF. Hence Ad G(D%) = D?Ad G(¢). QED.

CoROLLARY. If {M,, t € T} is a family of deformations of M, then
dim HP(M, Inf,) is an upper semicontinuous function (of t).

PROOF. Proposition 3.5 implies that H*(C}Rj, ©) = H¥(C}RA ) & H*(M, Inf,)
where the second isomorphism is obtained from the fine resolution of Inf;. Now,
since M is compact, for small #, the complex (SC)] is an elliptic complex, since it
is a small deformation of the elliptic complex (SC)° which is the usual lmear com-
plex. Then, by a well-known theorem on elliptic complexes, dim H}(C}R °) is an
upper semicontinuous function. This proves our contention. Q.E.D.

Our uniqueness theorem follows from Theorem II (also see [14]).

THEOREM II. Let {M, s €S} be the versal family of deformations of M,,
constructed in the main theorem. Let dim H°(M, Inf)) be constant in an open
neighborhood of 0 in S. Then, there exist an open neighborhood U of the iden-
tity in C,(M, K,(T'(M,))) (where C,(M, K,(I'(M,)))) is the space of global admis-
sible sections of K;(I'(M,))) equipped with Sobolev q-norm for large q), and an
open neighborhood V of 0 in S such that every F € U can be expressed as F =
Exp (Ad G(s)(¢,)) © E(n), where £, € HO(M, Inf,) = H?, and n, € “HO for each
§ € S and G(s) is the map of Proposition 3.5. The map E(n) is the one defined
above, and the map Exp (£) is the one defined in §1 frozen at time 1.

PrRoOF. We prove this theorem in two steps.

Step 1. We first show that E(¢) sweeps out a small neighborhood, W, of the
identity i m C,(M, H/(T(M,))) as  varies in a small neighborhood W' of zero in
c °°(C°R « %), Wand W being open in the Sobolev g-norm topology for large q.
We know that E(¢) = &(§,) o €(%;) and since €(§,) is defined by the usual ex-
ponential in Lie groups, it suffices to show that e(,) sweeps out a small neighbor-
hood of the identity in Diff(M) (Diff(M) = Diffeomorphisms of M).

We do this as follows: Cover M by a finite number {U, } of normal neigh-
borhoods (for the metric defining e(£,)). Choose open sets ¥, such that V, C U,
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and { ¥} covers M. This is always possible. Consider all f € Diff(M) such that f(V,,)
CU,, for each a. Denote the set of all such diffeomorphisms by Sm Diff(M). It is
clear that if f€ Diff(M) is sufficiently close to the identity in the C,, topology, then f
€ Sm Diff (M). Hence, Sm Diff(M) contains an open neighborhood of the identity in
the C, topology. Call this neighborhood W. For any f € W, join x and f(x) by a
unique geodesic. Take the tangent to this at x and call it £,. Then the vector field &
so defined has the property that e(¥) =f. Hence, there exists a neighborhood of the
zero section W' in the C,, topology in C* (M, T(M)) such that £ € W', e(¥)€ W, and
for every f € W, there exists £ € W' such that e(¥) = f. Now Sobolev’s lemma
implies that for g large enough, W and W' are open in the g-norm topology. This
proves our contention.

Step 2. Associated to each M, we have the principal fibre bundles P/(M,)
and local bundle maps F, PI(MO)IU — Pi(My)ly(s)- We defined global
bundle isomorphisms G(s), G(s) : P,(Mo) — P(M,), and Proposmon 3.5 implies
that Ad G(s) defines an 1somorph1sm between H° and H° s (CI'R, °) Since dim H°
is locally constant, dim H2(C}R), M0y is locally constant. Let us denote
H°(C"‘Rk %) by H from now on. Then we obtain a C* famﬂy of complements
of “H® in C“’(CORk ). That is, we have C°°(C°Rk H~H & v

For each s, define the map Q:

M
0y H2® *H® — C~(CPR, ©) by O,(x,. M) =
where y is the element which makes the following diagram commutative
C,(M, K,(T(M,)))

Exp - E/‘ \

H ® "'H°—>C°°(C°R X
That is Exp (x,) ° E(n) = E(p). Q; is continuously dlfferentiable in a neighbor-
hood of zero (in Sobolev g-norm) and an easy computation shows that dQ@, lc0.,0)
= Identity. We also note that Q, has the following property. Let {x, }be a
Cauchy sequence m H o ‘go (in the Sobolev g-norm). Suppose {Q,(x,)}is
Cauchy in C°°(C°R x °) Then, if

{x,} =>x€H®*H%q)—H® ® ‘H®,q), then
{0,(x,)} =¥ €(C(CPR °), q) — (C(CPRM0), g).

We need the following trivial generalization of the inverse function theorem
for Banach spaces.

PROPOSITION. Let X and Y be normed linear spaces and let X and Y be
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their completions. Let f: X — Y be continuously differentiable in a neighbor-
hood of 0 € X, and let df |, be a toplinear isomorphism. In addition suppose f
satisfies the following property: {x,} is a Cauchy sequence in X converging to
x€X —Xand {fCx,)} is Cauchy in Y = {f(x,)} convergestoy€ Y — Y. Then,
[ is invertible in a neighborhood of zero.

Applying this proposition, we see that there exists an open neighborhood
U’ of zero in C“(C?R:{O) such that for every ¢ € U’, there exist a x, € H? and
a unique ng € W, where W C +HO s sufficiently small in the Sobolev g-norm
such that E(y) = Exp (x,) o E(n,). Then, Step 1 in our proof implies that if F
is small enough F = Exp(x,) ° E(n,). Define & = Ad G(s)~'(x,). This proves
our theorem. Q.E.D.

CoROLLARY 1. Let {M,, s €S} be the versal family constructed in the
main theorem. Let dim HO(M, Inf,) be constant in a neighborhood of 0 € S.
Then, there exist an open neighborhood U of the identity in C*= (M, K,(T'(M,)))
(U open in the Sobolev q-norm for q-large) and an open neighborhood V of 0 €
S such that for any F € U, and s,, s, € V, F does not define an equivalence of
the D(R™) structures Msl and M_‘z.

ProOF. Let {U_} be an open covering for M and let M, . and M, ) be represented
by the collections of local admissible sections of K,(I'(M,)), {F;‘”l} and {Fa,sz 1L If
Msl and M,_ are equivalent, then there exists a global admissible section F of
K, (I'(M,)) such that for each a, Fos oF = Fa,s2~ Let U be the open neighborhood of
the identity in C,(M, K,('(M,)))) constructed in the last theorem. Then, F =
Exp(Ad G(s,) &, )) © E) for £, € Hgl and 7 € W C *H°. Then, we have

Fa,sl ° F=Fa,sl ° EXp(Ad G(sl)(sl)) ° E(ﬂ)
=Fy,s, ©G(s,)™" 2 Exp g, o Glsy)° E().
And locally, we have
Fa,sl ° Fo-z,:'l° jlfa,sl o Exp 54‘1 ° (i]fa,sl)—l° Fc‘"l o E(m)
=j[fa‘sl ° ExP gsl ° (j[fa,sl)-l ° Fa,sl ° E("?)~
But E"l isa F(Msl) vector field, and hence
Exp gsl = jips . where 2 isin P(Msl)
=:.jlfm,u\rl ° Exp Esl ° (jlfa,sl)-l =j, vETM,)
=jpo Fa,sl o E(m)= Fa’s2.

Hence,
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DGipo Fos oEm)=DF,,,) - DF,, °Em)=0F,

ie., Ad(E())(DF, ”1) +DEM) = D(Fa,sz) and since D* (F,,
our versal family) we have

D*(Ad(E(m)) ° DF, 5, + DEm@)™) =0.

But,D*Dl""m”s.l = 0 and hence by Proposition 3.2,7=0 -‘-"Msl =Ms2 and s; =s,.
Q.E.D.

COROLLARY 2. If dim H°(M, Inf)) is constant in a neighborhood of 0 €S,
then the versal family {M,, s € S} is universal.

'sz)

) =0 (M, isin

PRooF. If not, there must exist a family {M,, t €T} of deformations of M,
and maps 7 and 7': U—> S, U open in T such that M, is '(R™) equivalent to M.
and M+ (,y. This implies that M, and M, -, are I'(R™) equivalent. This contra-
dicts Corollary 1. (In the above, we have assumed that we are working in small
enough neighborhoods of zero in S.) Q.E.D.
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